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Abstract
We study the anomalous decays π0, η→ γ γ in the framework of the three-flavor Nambu–Jona-Lasinio [NJL] model, in
the vacuum and in quark matter in β-equilibrium. It is found that the behavior of the relevant observables essentially reflects
a manifestation of the partial restoration of chiral symmetry, in nonstrange and strange sectors. The probability of such decays
decreases with density, showing that anomalous mesonic interactions are significantly affected by the medium.
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The structure of pseudoscalar mesons, its mass
spectra and decays have attracted a lot of interest
along the years, an important motivation for this in-
terest being certainly related to the fact that the ori-
gin of these mesons is related to the spontaneous or
explicit breakdown of symmetries of QCD. Further-
more, since at high densities and temperatures new
phases with restored symmetries are expected to oc-
cur, the study of pseudoscalar meson observables un-
der those conditions is specially relevant since they
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doi:10.1016/j.physletb.2003.10.020could provide signs for the phase transitions and the
associated restoration of symmetries. As a matter of
fact, major theoretical and experimental efforts have
been dedicated to heavy-ion physics looking for sig-
natures of the quark–gluon plasma, a state of matter
with deconfinement of quarks and restoration of sym-
metries [1–3].
In the limit of vanishing quark masses, the QCD
Lagrangian has 8 Goldstone bosons, associated with
the dynamical breaking of chiral symmetry. The non-
existence of a ninth Goldstone boson in QCD is
explained by assuming that the QCD Lagrangian has a
UA(1) anomaly. The origin of the physical masses of
the different pseudoscalar mesons is due to the explicit
breaking of symmetries, but it presents differences that
will be analyzed next. While for pions and kaons it
is enough to break explicitly the chiral symmetry by
giving current masses to the quarks, the breaking of
the UA(1) symmetry by instantons has the effect of
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of η′ has a different origin than the masses of the
other pseudoscalar mesons and it cannot be regarded
as the remnant of a Goldstone boson. Concerning
the other two neutral mesons, η and π0, they are
degenerated when the UA(1) anomaly and the current
quark masses are turned off, but, when these effects
are taken into account it turns out that a percentage
of η mass is due to the anomaly, and, therefore,
this meson should regarded as less “Goldstone-like”
than the pion. Investigating this problem in vacuum
and in medium is an important task. Besides mass
spectrum and meson–quark coupling constants, the
observables associated with the two photon decay
of these mesons might provide useful insight into
this problem, and calculations of such observables in
vacuum and at finite temperature may be found in the
literature [4–11].
Understanding the processes π0(η)→ γ γ is spe-
cially relevant having in mind that the great percentage
of photons in the background of heavy-ion collisions
is due to the decay of π0 and η [12]. As a matter of
fact the production of such mesons is indicated by the
occurrence of two photon pairs with an invariant mass
equal to these meson masses. Possible medium modi-
fications of anomalous mesonic interactions is a topic
that has attracted lost of interest. As pointed by Pis-
arski [7] and Pisarski and Tytgat [8] while for fermions
the axial anomaly is not affected by the medium, the
opposite is expected for anomalous mesonic interac-
tions. In this concern, the study of π0 → γ γ is particu-
larly interesting due to its simplicity and its association
with restoration of chiral symmetry. Although the life-
time of the neutral pion is much longer than hadronic
time scales and it is not expected to be observed inside
the fireball, the physics is the same as that of other
anomalous decays (ω→ πππ,ω→ ρπ ) that are rel-
evant for experiments in the hot/dense region.
A great deal of knowledge on chiral symmetry
breaking and restoration, as well as on meson proper-
ties, comes from model calculations [13]. In particular,
the Nambu–Jona–Lasinio [NJL] [14,15] type models
have been extensively used over the past years to de-
scribe low energy features of hadrons and also to in-
vestigate restoration of chiral symmetry with temper-
ature or density [16–25].
This work comes in the sequel of previous studies
on the behavior of neutral mesons in hot and densematter [23–25]. The study of phase transitions in quark
matter simulating neutron matter in β equilibrium, at
zero and finite temperature, as well as the discussion
of behavior of pseudoscalar mesons (in particular
neutral mesons) in such media, in connection with the
restoration of symmetries, has been done in [23–25],
by analyzing only the mass spectrum. In particular, it
was shown that the behavior of the masses of π0 and η
in this concern reflects mainly the restoration of chiral
SU(2) symmetry and manifests strongly in the pion.
This not so evident for the η, due to its strangeness
content and the dependence of the anomaly. The aim
of this Letter is to investigate the anomalous decays
of π0 and η in the vacuum and in quark matter in
β-equilibrium and discuss our results in connection
with the breaking and restoration of symmetries. We
also compare our results with those obtained by other
authors who studied the effect of temperature on these
anomalous mesonic interactions [5–7,11].
2. Formalism
We consider the three-flavor NJL type model con-
taining scalar–pseudoscalar interactions and a deter-
minantal term, the ’t Hooft interaction, with the fol-
lowing Lagrangian:
L= q¯(iγ µ∂µ − mˆ)q
+ 1
2
gS
8∑
a=0
[(
q¯λaq
)2 + (q¯iγ5λaq)2]
(1)+ gD
{
det
[
q¯(1+ γ5)q
]+ det[q¯(1− γ5)q]}.
Here q = (u, d, s) is the quark field with three flavors,
Nf = 3, and three colors, Nc = 3. mˆ= diag(mu,md,
ms) is the current quark masses matrix and λa are the
Gell-Mann matrices, a = 0,1, . . . ,8, λ0 =√2/3 I.
The last term in (1) is the lowest six-quark dimen-
sional operator and it has the SUL(3) ⊗ SUR(3) in-
variance but breaks the UA(1) symmetry. This term is
a reflection of the axial anomaly in QCD and can be
put in a form suitable to use the bosonization proce-
dure ([20,24] and references therein):
LD = 16gDDabc
(
q¯λcq
)
(2)
× [(q¯λaq)(q¯λbq)− 3(q¯iγ5λaq)(q¯iγ5λbq)]
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where dabc are the SU(3) structure constants, and
D000 =√2/3, D0ab =−√1/6 δab.
The usual procedure to obtain a four quark effective
interaction from the six quark interaction is to con-
tract one bilinear (q¯λaq) making a shift (q¯λaq)→
(q¯λaq)+ 〈q¯λaq〉 with the vacuum expectation value
〈q¯λaq〉. Then, an effective Lagrangian can be written
as:
Leff = q¯(iγ µ∂µ − mˆ)q + Sab
[(
q¯λaq
)(
q¯λbq
)]
(3)+ Pab
[(
q¯iγ5λ
aq
)(
q¯iγ5λ
bq
)]
,
where
Sab = gSδab + gDDabc
〈
q¯λcq
〉
,
(4)Pab = gSδab − gDDabc
〈
q¯λcq
〉
.
Integration over quark fields in the functional integral
with (3) gives the meson effective action
Weff =−i Tr ln
(
i∂µγµ − mˆ+ σaλa + iγ5φaλa
)
(5)− 1
2
(
σaSab
−1σb + φa Pab−1φb
)
.
The fields σa and φa are the scalar and pseudoscalar
meson nonets.
The first variation of the action (5) leads to the set
of gap equations for constituent quark masses Mi :
(6)Mi =mi − 2gS〈q¯iqi〉 − 2gD〈q¯j qj 〉< q¯kqk〉
with i, j, k = u,d, s cyclic and 〈q¯iqi〉 = −i TrSi(p)
are the quark condensates. Here the symbol Tr means
trace in color and Dirac spaces and integration over
momentum p with a cut-off parameter Λ to regu-
larize the divergent integrals. The pseudoscalar me-
son masses MH (H = π0, η) are obtained from the
condition (1− PijΠij (P0 =MH,P = 0))= 0, where
Πij (P0 =MH,P = 0) is the polarization operator at
the rest frame
Πij (P0)
(7)
= 4[(I i1 + I j1 )− (P 20 − (Mi −Mj)2)I ij2 (P0)],
and integrals are given by
(8)I i1 =
Nc
4π2
Λ∫
0
p2
Ei
dp,I
ij
2 (P0)=
Nc
4π2
Λ∫
0
p2 dp
EiEj
Ei +Ej
P 20 − (Ei +Ej)2
(9)+ i 1
2π
p∗
(E∗i +E∗j )
,
where Ei,j =
√
p2 +M2i,j and E∗i,j =
√
(p∗)2 +M2i,j
are the quark energies. The momentum p∗ is defined
by p∗ =
√
(P 20 − (Mi −Mj)2)(P 20 − (Mi +Mj)2)/
2P0.
The quark–meson coupling constant is evaluated as
(10)g−2Hq¯q =−
1
2MH
∂
∂P0
[
Πij (P0)
]
|P0=MH ,
where the bound state contains quark flavors i, j .
Having the on-shell quark–meson coupling con-
stant we can calculate the meson decay constant fH
according to the definition
fH =NcgHq¯q Pµ
P 2
∫
d4p
(2π)4
(11)× tr[(iγ5)Si(p)(γµγ5)Sj (p+ P)].
Our model parameters, the bare quark masses md =
mu,ms , the coupling constants and the cutoff in three-
momentum space, Λ, are fitted to the experimental
values of masses for pseudoscalar mesons (Mπ0 =
135.0 MeV, MK = 497.7) and fπ = 92.4 MeV.
Here we use the following parameterization [21,24,
25]: Λ= 602.3 MeV, gSΛ2 = 3.67, gDΛ5 =−12.39,
mu =md = 5.5 MeV and ms = 140.7 MeV.
We also have Mη = 514.8 MeV, θ(M2η) = −5.8◦,
gηu¯u = 2.29, gηs¯s =−3.71.
Note, that θ(M2η) is the mixing angle which repre-
sents the mixing of λ8 and λ0 components in the η-
meson state (for details see [24,25]).
For the quark condensates we have: 〈u¯u〉 = 〈d¯d〉 =
−(241.9 MeV)3, 〈s¯s〉 = −(257.7 MeV)3, and Mu =
Md = 367.7 MeV, Ms = 549.5 MeV, for the con-
stituent quark masses. In this section we have
described the NJL model with the ’t Hooft determi-
nant. The model describes well the vacuum proper-
ties related with chiral symmetry and its spontaneous
breaking including their flavor dependence.
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For the description of the decays H → γ γ we con-
sider the triangle diagrams for the electromagnetic me-
son decays. They are shown in Fig. 1. The correspond-
ing invariant amplitudes are given by
T˜H (P,q1, q2)
= i
∫
d4p
(2π)4
Tr
{
ΓHS(p− q1)3ˆ1S(p)3ˆ2S(p+ q2)
}
(12)+ exchange.
Here the trace Tr= trc trf trγ , must be performed over
color, flavor and spinor indices. The meson vertex
function ΓH has the iγ5 form in the Dirac space,
contains the corresponding coupling constant gHq¯q
(see (10)) and presents itself the 3× 3 matrix form in
the flavor space. S(p) is the quark propagator S(p)=
diag(Su, Sd , Ss), 3ˆ1,2 is the photon polarization vector
with momentum q1,2. The trace over flavors leads to
different factors for different mesons H : QHq¯q . This
factor depends on the electric charges and flavor of
quarks into the meson H : Qπ = 1/3, Qηu = 5/9 and
Qηs =−
√
2/9.
For this evaluation, we move to the meson rest
frame and use the kinematics P = q1 + q2 and P =
(MH ,0). Taking the trace in (12) we can obtain
(13)
T˜H (P,q1, q2)= 3µναβ3µ1 3ν2qα1 qβ2 TH
(
P 2, q21 , q
2
2
)
,
where
(14)Tπ0
(
P 2 =M2
π0 , q
2
1 , q
2
2
)= 32απgπ0u¯uIuπ0
andTη
(
P 2 =M2η , q21 , q22
)
= 32απ
3
√
3
[
cosθ
(
5gηu¯uIuη − 2gηs¯sI sη
)
(15)− sin θ√2(5gηu¯uIuη + gηs¯sI sη )],
where α is the fine structure constant. The integrals
I iH ≡ I iH (P ) are given by
I iH (P )= iMi
∫
d4p
(2π)4
1
(p2 −M2i )
(16)
× 1[(p− q1)2 −M2i ][(p+ q2)2 −M2i ]
.
In order to introduce finite density effects, we apply
the Matsubara technique [6,26], and the integrals
relevant for our calculation ((8) and (9)) are then
modified in a standard way [23–25]. In particular
I iH (P ) (16) takes the form:
I iH (P0,P= 0)
(17)=− Mi
4π2
∞∫
λi
dp
p
E2i
1
4E2i − P 20
ln
(
Ei + p
Mi
)
,
where λi is the Fermi momentum.
Finally, the decay width is obtained from
(18)ΓH→γ γ = M
3
H
64π
|TH→γ γ |2
and the decay coupling constant is
(19)gH→γ γ = TH→γ γ
e2
.
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We present in Table 1 our results for TH→γ γ ,
ΓH→γ γ and gHγγ (H = (π0, η)) in the vacuum, in
comparison with experimental results [4,9,27], and we
can see that there is a good agreement.
Some comments are in order concerning our calcu-
lation of the integral I iH (P ) (17). The fermionic ac-
tion of NJL model (5) has ultraviolet divergences and
requires a regularizing cutoff. However, the integral
I iH (P ) (17) is not a divergent quantity. We chose to
regularize the action from the beginning, so that there
is no need to cut the integral I iH—only the ultravio-
let integrals I i1 (8) and I
ij
2 (9) are regularized [22].
The advantages of using Λ→∞ in nondivergent in-
tegrals was already shown in [5,6,22], where a better
agreement with experiment of several observables is
obtained with this procedure.
Now let us discuss our results at finite density. We
consider here the case of asymmetric quark matter im-
posing the condition of β equilibrium and charge neu-
trality through the following constraints, respectively
on the chemical potentials and densities of quarks and
electrons:µd = µs = µu+µe and 23ρu− 13 (ρd+ρs)−
ρe = 0, with ρi = 1π2 (µ2i −M2i )3/2θ(µ2i −M2i ) and
ρe = µ
3
e
3π2 [23–25].
As discussed by several authors, this version of the
NJL model exhibits a first order phase transition [19,
23,28]. As shown in [28], by using a convenient para-
meterization [21] the model may be interpreted as hav-
ing a mixing phase—droplets of light u,d quarks at a
critical density ρc = 2.25ρ0 (where ρ0 = 0.17 fm−3
Table 1
Comparison of the experimental values with numerical results
obtained in the NJL model
NJL Exp.
π0 |Tπ0→γ γ | [eV]−1 2.5× 10−11 (2.5± 0.1)× 10−11
Γ
π0→γ γ [eV] 7.65 7.78(56)
g
π0γ γ [GeV]−1 0.273 0.274± 0.010
τ
π0→γ γ [s] 8.71× 10−17 8.57× 10−17
η |Tη→γ γ | [eV]−1 2.54× 10−11 (2.5± 0.06)× 10−11
Γη→γ γ [keV] 0.440 0.465
gηγγ [GeV]−1 0.278 0.260
τη→γ γ [s] 1.52× 10−18 1.43× 10−18Fig. 2. Mesonic and quark masses (a) and meson–quark–quark
coupling constant, (b) as function of the baryonic density.
is the nuclear matter density) surrounded by a non-
trivial vacuum—and, above this density, a quark phase
with partially restored chiral symmetry [23,28]. An in-
teresting feature of quark matter in weak equilibrium
is that at densities above ρs ∼ 3.8ρ0 the mass of the
strange quark becomes lower than the chemical poten-
tial what implies the occurrence of strange quarks in
this regime and this fact leads to meaningful effects on
the behavior of meson observables [23–25].
In order to evaluate the transition amplitude of
the decay H → γ γ in function of the density, we
require the behavior of MH and gHqq with density,
that are plotted in Fig. 2(a) and (b), respectively.
As we will discuss in the sequel, this behavior is
essentially a manifestation of the partial restoration of
chiral symmetry. The difference between the behavior
at T = 0, ρ = 0 and T = 0, ρ = 0 is that, in the last
case the mesons are no more bound states above the
critical point since they dissociate in q¯q pairs at the
Mott temperature. At finite density they continue to
be bound states but with a weaker coupling to the
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quarks as it can be seen in Fig. 2(b). So, it is natural to
expect that the effect of density on H → γ γ decay
observables be qualitatively similar to the effect of
finite temperature.
We discuss now our results for the medium effects
on the two photon decay of π0: Tπ0→γ γ , Γπ0→γ γ
and gπ0γ γ that are plotted in Fig. 3(a)–(c). In order
to understand this results let us remember the central
role of this meson in connection with the breaking and
restoration of chiral symmetry in the SU(2) sector.
A sign for the restoration of this symmetry is that
the mass of the pion increases with density and this
meson becomes degenerated with σ meson and the
pion decay constant fπ goes asymptotically to zero.
The behavior of π0 → γ γ observables with density is
closely related with the restoration of chiral symmetry
in the SU(2) sector. The fact that Tπ0→γ γ , as well asgπ0→γ γ decrease with density reflects the fact that Mu
and gπ0 q¯q decrease with density. As it can be seen
from Fig. 2, the quark mass decreases sharply while
gπ0u¯u decreases more slowly. In the region ρ < ρc
the behavior of the transition amplitude is dictated
by a compromise between the behavior of the mass
and the meson quark coupling. Above ρc the mass
decrease seems to be the dominant effect. Concerning
Γπ0→γ γ it has a maximum at about the critical density,
since there are two competitive effects, on one side the
decrease of the transition amplitude and, on the other
side, the increase of the pion mass. Above the critical
density the two photon decay of the pion becomes
less favorable, what reflects that it turns a weaker
bound q¯q pair, as already mentioned before. This is
compatible with recent experimental results indicating
that pionic degrees of freedom are less relevant at high
densities [29].
In order to clarify the connection between the be-
havior of the anomalous couplings and the restoration
of chiral symmetry one can do the simple exercise of
calculating the transition amplitude in the chiral limit,
by setting the external momenta equal to zero. Then,
similarly to [7,8], where such analysis was done with
temperature, we get |Tπ0→γ γ | ∝ Mu
2
fπ
1
λu
2 , the mass de-
creases being the dominant effect, which leads to a
vanishing of the transition amplitude at the critical
density.
Concerning the η → γ γ decay, although qualita-
tively similar to π0 → γ γ , there are differences that
we will examine in detail and that are related to the
evolution of the strange quark content of this meson
and the behavior of the strange quark in this regime.
The quark content of η is given by
|η〉 = cos θ 1√
3
|u¯u+ d¯d − 2s¯s〉
(20)− sin θ
√
2
3
|u¯u+ d¯d + s¯s〉.
It was show in [24] that the mixing angle (θ =
−5.8◦ in the vacuum) decreases with density, has a
minimum ( −25◦) at ρ  2.8ρ0, equals to zero at
ρ  3.5ρ0, then it increases rapidly up to the value
∼ 30◦, when strange valence quarks appear in the
medium (ρ  3.8ρ0). gηs¯s (Fig. 1(b)) reflects this
evolution of the strange quark content. So, one sees
that at high densities the η is governed by the behavior
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of the strange quark mass. Since after ρ  3.8ρ0 there
is a tendency to the restoration of chiral symmetry in
the strange sector, although less pronounced then for
nonstrange quarks, this effect should manifest itself in
the behavior of η observables. Therefore, although the
η is less “Goldstone like” than the pion, one expects
results qualitatively similar for the two photon decay,
which are shown in Fig. 4(a)–(c). The main difference
is that the width Γη → γ γ almost vanishes above
ρ = 3.8ρ0. This behavior of the η seems to indicate
that the role of the UA(1)anomaly for the mass of this
meson at high densities is less important.
In conclusion, we studied the behavior of two pho-
ton decay observables for the neutral mesons π0, and
η in quark matter in weak equilibrium and we dis-
cussed the results in connection with restoration of
symmetries. We have shown that, in spite of the dif-ferent quark structure of these mesons, at high densi-
ties they share a behavior which is mainly a manifes-
tation of restoration of chiral symmetry. We show that
these anomalous decays are significantly affected by
the medium, however the relevance of this results from
the experimental point of view should be discussed.
Recent experimental results from PHENIX [29] show
that π0 production is suppressed in the central region
of Au+Au collisions as compared to the peripherical
region. This means that π0 → γ γ decay could only be
interesting for experimental heavy-ion collisions at in-
termediate densities. However, although the peak of
the π0 width is at a moderate density (see Fig. 3)
its life time is here of the order of 2.08 × 10−17 s,
much longer than the expected lifetime of the fireball
in the hadronic phase, 10−22 s, so the decay should
occur outside of the fireball. The same considera-
tions apply to the η, although its maximum lifetime
is 9.36× 10−19 s. However, since the physics under-
lying these processes is the same of other anomalous
processes interesting from the experimental point of
view, the modification of anomalous mesonic interac-
tions by the medium might, in principle, be observed.
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